U niversaql construction of Unitaries
(Re dux )

Previously we FocuSed on the exect deComposH o
o~€ undar’'es o ver a (nP(’PSSGV'/y) Mfmt*p 50‘/? Set.
Motivated by preciicel nonrpms we now |ocohatl The

4 uestion of approximating untares over a
€inite ﬂa‘f'f SeT:
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Problem... Most QC S have error rates on 1he order
of 1072 peroperation (including T). By contmst, lassical
Computers have error rates on the ordesr of 107",

How Coull we hope 7o run 4{9w/7hms?

{ 2421 ion | Use QC"s 1o prepare stales 7/(//({;/7.,
meaSure, + repeat

Algof/'f'hms appl able
- VQE (gate modld, no-known €xp Speed-up)
s QAOA (di1140)
e O1hers (measurement - basedl QC)

Ogh’on 5. Correct errors as we 9o (alled FIQK)

A”gar:'*hmo opp//'ab/-?
o Phase esiimalion (94/40 model., exp Speed-up)
® Gfoypr (3¢r/ e madal,' Polynomial 5P€ed —UP)

BotHom line: FIQEC is our best hope for
praclical advariage béCause r+ wor hs
in ‘“‘\Pofy and ofLers @ hrown 5,:?&4—(4,»

In FTQEC, con usually only perform a Linite Set of
oncod ed operations. The Standard St €or FIQEC s
fu4,CNOT, T3

also known 85 the Clifforel +T gate St
e =



Evrer correciin g Codes

Quanﬂlm Favlt - Tolevarce s bu'l+ out of 4 wo parils:
P Ah error- (O/"P{"//“y (‘9*‘107 Ohd
» Foul+-tolorant encoded oal os

An ermor—correcting cole (ECC) is a viay of Pniing
the Sfate of n bits in 1he gtaipo of M >h bitS

so that the or.‘ginal State con be recovored £ an &ror
oCCurs.

E x.

A classic ECC iS a erP{Hfon Codé

= 000
OL- O ) | logiral bit encoded in 3 physv’m/ brls

( =
L

T € @ Single physical bit is erroneapsly Ll pptdeq

O 00 ..fff:’-) o)od

we can recover the correct state O 2000 by taking the
mejority value of all 3 1S (0 in+h3 case)
1€ a single bt lip hes proaablity p, without

encodirg ther P/qub:"/‘/\/ of an (unrecoverable)
prror oCCUring IS p: With encarline , 1his etror

rate drops 10 p? since 2 bi1s neen Yo f1ip.



Quantym ECCs

Wh.le we can™t encocle 4 qywbit reclundantly a_s
19,7 = (W 1e2(e>

. / ) -
or a mulitude of v o 30N ,ran4d:r€(v/)« observe styi
t >Za ant dederm'ne on artiirary ‘:,2'/"/’7

we can ihS1ead encode basis siate S redurdant |y

é(;- o logicel OStale ‘[“’9"""/ [ s1ate
Let (0.7 = 000D (.Y = [111)
Thon we Can encode a logical [-gubt Slgte as
(g, y =k[0> + Bli 7 =ex[0007 + BIni)

I,(:' +hp seCond b.+ /S €1, pppd prron(als‘y., the result |s

(ToX@TI)IY 7 =X |o10> +Bl1oI

Since measurihg 1he q,db:'f.? would d?S-I—roﬁ 1he Sapp/d)o.‘?//‘,'a-.?
wve need some olher vey to detect X corcect the ersos
TAis Can be arrpm l/shed by measuring the 5)/nolrome.
Roughly s'ooqh/ny, +he Syndrome pariitionS the State space nto
Q -djmensienal sub 5,,4&»5 (i.0 a Ipﬁiral q,ubrl- Siale) o crorling

40 which @rro- moSt I/ hely ocrurred. In ths (‘ose, +he %/mlmn?
of % Xa¥%3? is [(%8¥g)(XaPX3)D!

5}’"(‘00!?-' 00 1O N Ql

Stales: £ 10007, 111173 f"”’a"’"?S f o102, 110173 £100(7, [11073
a .

Evrror . he @rror Xorer TIOX®L TOID X

MeoagSurihg the Synd/pMP Prpjt’(“lzs NL) down to 9 -di ’ [7
So we ha von™1 loSt (if only X orror® OCCdr) any informart ion "

W, P —

loy e —Z2B ) syndrome
o7 3 syncron




Foult 4olergnt computotion

We now have O uanlym erros corrertineg (‘odpsi
but we Still need to ~f’.9 vwré out +he (‘ompd‘f‘qﬁo/, Pa/f-

Q’Dfion l;
To perform U, decode 14> F 1471007, apply U,
the ré-encode 1€>10-07 — (6.7

But dll these steops are error-poae!

Option @: (the correct one)
To porform v, do 4 direclly on1he oncoded ctate

1.0 Cind Some civeart U, s4. U WD = 4>
where (W2 = Dled

Ex.

——

Recall our code 10> =lcwoy ., 1.7 =17,
To per€orm a logical X gate, we nea a circwd

X": (000> <> (1)

This is juS+ an X gate on each quvbit, since

XOX®X (000> = [ 1)
XO X@x 111> = 000>

As @ circurd diagram,
——
—_—T

This is an PXaM)plo of a Tyansvf’/g/ PA@“’*"{"#‘P
we Say 4 (ogi('ll oprm'h‘pn UL_ in @ particular QFc /s
‘I'mns\/f"ﬂal f"f 1 cen be /'M’olﬁmp,hlpd oS

U_= yeus -0,



Trqns verSal4 Vy ﬁmHs and reSoyrces

Transversal gates dre nice bPrause
9
M) They're efeicient to implemont  (Yay ')

@ They don™ ﬁfagajqav‘p errery

( error f/ofa3a~l ion)
ConsSider the crrcart ; .

Observe that jﬁ: _ Ig‘:

E €fectively, This means 1he CNOT gale COP#S or p ropagdies
an X ermr on the conlrol, To See the afeerts, consiler

a silly 9-9vbd code  10>= 110>, 112=117. A

'0_9:('a/ X could be iMp/PM‘de as CMNOT. I £ our

inidial stete 15 102 @nd we want 4o 4pply XL;'C'IVO‘I;
X 10> = CWeT (o> = 17 = 1>

I € an X error oCCUrs 0N 1he €/rs} q/ubr«l-,
xoI)10.> = 1007

we Con defert and Correcd 1he sigte 4o 10,7 by varswinrg
the £i-S1 gvbit. Howerver, (€ we applied chiral)( 4o
+he ctate before Correcting +he prrory, we o4

X, loo> = (00)

Which Correlis, e¥roneodsly, 1o 1107=10.2 # X_10.7

Reguirenent €or FTQEC

#

Eh(‘od&d 94"‘1’5 muSt not P”P"@@ff G riors
(botween physical gubds in the Same logical block)



Un:versql seils of encvded 34#5

Vhaﬂ’ we hkno W PaySC® Ily
« CNot + sinole gubrt rotations areuniversel
e Byt for FTREC they need Ho be encoded

e And the enceded gates can™t propagate errers

QUPSW‘ on. 18 there a usetul © ECC where
CNOT+ Sngle q,ubr" rotationsS iS +ronsversal?

T’Q m. (Eestin- Knill)

o PluS Some other rondd jons
For any non-%n’via/* QEFC’) thore s no sé+ (even
in€inite) of transversal untary gates +het isju\niwrxl

—_
(even under velaypd notions to Ome..)

DPSP("( 1 he Eosiin- Kndll ‘f‘APorpmq n@g+ afl hO)OP S

IOS‘I'. I‘l turns out 1het C"{“(‘brel (";r(‘m"l'_s ore
sor\m«a”y ‘l'ranSVPrSa/) and when ‘U\Iy asen™ -Mey"rp
uswally €asSy to implomert Fault ~tolorant i.

Dpf'“n (The s:mple one)

C | +fo-d civeuds are circurds over the
gate st £H,CNOT, S3

Thm.

CliPford opationS Con be implemented +ransvorsally,
A any S?I\f'duq//(’SS Code
/t'('/w'k out Phys S93B ot UBC s more into. ..




ASide: the Clitfoud group

This isn™t rpally needed for our PUIPOSP_S
right new, but s important HJo undersiand

so we’ll talk about Ln'-ﬁ-fly

C [(Fford circurts and o'of/’ﬂ‘/ol.S’ ore an (mportent ch

Ciab/lizer Ccodes which are €undamertal in QECT
< unitarieS Wy €464 dimension

D ef ( Paul: grou ) e

The Pauli group on | guert is R2&1,28:€2,% 1,33
The Paul: 9roup en N gbils 1S
P ={2,1t3-{9,0-®9, |9, €1,%Y,23}

T n words, the Paull group F, is r-fold tensor pwducts
of Pavl/ gaies 'foﬁrflm/ with q phase (X"XFZL/

Eg. -l(T®x02) € F;
-(z®2) € pq ‘[[’onmu'h'n)

S+tab: lizer codes Correspond +o abelan subgrovps of
Pa. I n pariicvar, given S < P, , the code spece
is the Simultaneeus +l-@gnspece of S
4> S.+. Uler=te> Y UeS
(1h/S maheS S +he Slabilizer Sopgroup ot +he cade)

Fact

The subgroup S AP, generated by KSn linearly indepmded
and commy+ting Pauvlis -2y € P, has md?@cﬂ’ac im "




C (ifFord Q roup Conl

T}q.p ( /,'{’ €prd g roup ariSPS @5 operations which
mep Pau'f_j‘ ‘o Pau/is undey fOﬂjUﬁ@f/bﬂ,

Def s (Cliefond group)

The Clifford group on n-gubiis is the
norma lizer of 1he Pauli group P, . EX,O/:'(‘/‘"%

C,={U|UPU*=F}
Ex.

We Can W,,-F’y that W, CNOT, S each Sm‘is-fy the aboup;

HxH =2 sxs* = [2IPIGLI=Y

Hed =X S S+ =Ssia =2 (S%ZO"fdla_gml)
HYH =Hix2H  SYS =BPIfa331=--X
=/Z2X

For CNOT 4 helps to know the “ollowing rules...
=1z =F=3T=
i e v- s Gl Su

Prop.

The Cl.€frd group C,, is exacily the n-gubs
Circuris oyer the gote se+ fH,CNOT, 53



The 6D‘H'Psmdn" Knill theore

Thm. (C‘)o'h‘P.SMan—L’n :'H)

Any FI'VPUI.'IL (‘0[19/5‘,‘[./!9 O-P (H‘CA/DT,, Ss 9@7‘}0;

and Pauli-basis meqsarements 5 C /aff‘,'r*a//}/ Simulable
'n Polynomla’ 1ime on 1he nHial State (00---O)

D€ sheich

The bas'/(‘ iOIPG IS '-ID kppp _’-Va(»h O~F‘ o se O'F
genorators €or the Steb: lizer of Ane current state

We only heed n Such gereralors, since the Code Spacp
o€ n indepondemt Commiiing Paulis has oimension |

In pasticdlar,

Stab = (29Ie-OL,1928 oI, IDIG-BZ)

0--Q7

I€ we appy UEC, , then

- o) = oo | PE
S+‘bUloo.-07‘ § PVioo--0y=Uleeo Pa3
={ U P V*U190--07 = Uloo o | P=UPU*, PR3
:{Up"OO"'07 =Qlop-0» | - "3
- e
=/ 5"”".99...07“
E x.
Stab = fP 120> = #2105 | PR3

(H®L)(100»
= Xet ,I827

= (HB®L)L28T ., I®2>(Ha1L)
- H S+‘bloo> H



